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Abstract

This document collects the core formulae of the Lyapunov proof for V.F.S. v2.0 (Open-
Gate). It is not a separate proof text and contains no graphs. It records the base dynamics,
normalized variables, Lyapunov functional, active-domain walls, radial corridor, bounded
Open-Gate source, memory bounds, non-Zeno estimate, and asymptotic cleansing state-
ments.
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1 Notation and Core Variables

Symbol Meaning

v Voluntas: will coordinate.

F Factum: action coordinate.

o Singular resistance.

A Sophia: wisdom coordinate.

Qp Brim / dynamic capacity of Pleroma.
u Synergic intensity from V and F'.

A Transformation threshold.

W Saturation margin relative to the death-boundary.
q Normalized Sophia, ¢ = A/Qp.

T Normalized intensity, r = u/Qp.

hi, hs Normalized will and action.

hs Normalized threshold variable.

Core threshold and intensity:

u=vVVF+e¢, AC:%, e > 0.

Transformation/collapse reading:

u > A, transformation region, u < A, collapse region.

2 Base V.F.S. Dynamics

Resistance equation:

¢ = (v — du) tanh(ko) = —6(u — A;) tanh(ko).

Symmetric will-action dynamics:

V = u(aF 4 c)) — pV, F = pu(aV + c)\) — pF, p=1—-—.

Capacity / Brim equation:
Closed Microcosm limit:
A= —6=0(u—A.)tanh(ko), G+ A=0.

Open-Gate Sophia dynamics:

A= =6 + Lyato(t) = 6(u — A.) tanh(ko) + Lgate(t).



Open balance:

G4+ A= Igate(t) >0,  o(t) + A(t) = 00 + Ao + Grecepta (t)-
Received grace integral:

t .
grcccpta(t) = /O Igatc(s) dS, grccopta — Igate-

3 Open-Gate Source

Positive part of Sophia:

1
Ay =—In(1+e™),  m>0.
m

Effective gate:

ges(t) =€ 7"+ (1 - 6_”) HSI;[—KHK'
Live Open-Gate source:
Tewe(t) = Gogen(t)e ™7 .
Boundedness of the gate:
Hi >0, Hy>0 — 0<-—1K g 0 < ger(t) < 1.
H,+ Hi

Boundedness of live inflow:
0 S Igate(t) S CO-

4 Resistance Potential

Resistance potential:

o 1
V,(o) = /0 tanh(ks) ds = - In cosh(ko) > 0.

Derivative of the resistance potential:

U, = V! (0)6 = tanh(ko)(y — du) tanh (ko) = (v — du) tanh? (ko).

Active transformation margin:
u> Ao+, n > 0.

Dissipation in the active margin:

W, < —éntanh?(ko).

On 0 < o < Cy, there exists ¢, > 0 such that:

\1’0 < —c,¥,.

(13)

(14)

(19)



Hence:

U, (t) < Uy (0)e . (20)
Near o = 0: p
(o) ~ 502, o(t) = O(e~¢t/?), (21)

5 Absolute Barrier Functional

The absolute barrier is a motivational, non-primary barrier guarding absolute boundary faces:

(V-F)
2 (22)
—nyInV —npln F —noIn(Qp — Ac) — nm In(Qp — u).

Laps = AgVy + By V2 + EpF? + Ex\* + Ea

Guarded absolute faces:

VZO, FZO, QP:AC, u:Qp. (23)
6 Normalized Variables
Normalized coordinates:

Vv F A U Ac

hy = —
1 QP’

Product relation:

12 = hihy +e(h3),  e(h3) = T (25)
(&
Closed normalized dynamics:
hi = u(ahy + cq) — phy — aghy, (26)
ho = u(ahy + cq) — phy — aghs, (27)
G =06(r + hz — 1) tanh(ko) — ag?, (28)
hs = aq(1 — hs3). (29)
Open-Gate normalized g-source:
Tgate COgeffei(bU
g — fsate _ . 30
1T 0p T (10 (30)
Open-Gate normalized g-equation:
G = 0(r + hz — 1) tanh(ko) — ag® + S,. (31)
Bound on §, inside the active domain:
1— h3.«
Ogsqgﬁguzsmax (32)



7 Product-Balance Mechanism

Balance defect: )
DA == 5(}11 - h2)2.

Let:
d = hy — hs.

Difference equation: '
d=—(ap+ p+ agq)d.

Dissipation of balance defect:

Da = —2(ap + p+ aq)Da.

If u>pe>0anda>0: .
Da < —2apDAa.

Exponential will-action alignment:

Da(t) < Da(0)e™!, |ha(t) — ha(t)] < [h1(0) — ha(0)|e™".

Product floor from radial and threshold walls:

A
Qp > Quin 1= T ;37*.
If r > r, and hg > hg .
h1h2:7”2—@ > =172 Q?iin
Let:
dy == V2D*

Product-balance lower bound:

\ dz +4p* —dy

2

hi,hy > myy ==

8 Lyapunov Functional

Product-balance Lyapunov core:

,Cpb = AU\I’U(U) + AADA + Aqq2.

Radial logarithmic barrier:

B(r) = —In(1 — 1), 0<r<l, r=—-.

Non-normalized radial barrier:

B(u,Qp) = —1In (1— u) —ln( 2
Qp

QP—U

6

> 0.

(43)

(44)



Primary V.F.S. Lyapunov functional:

Lyvrs = ﬁpb + ATB(T) = AU\I/U(O') + AADA + Aqq2 + ATB(T), AU,AA, Aq,AT > 0.

Expanded form:
Lyrs = AgV,(0) + AADA + Agg® — Ay In(1 — 7).

Non-normalized expanded form:

Lyps = AoV (0) + AaDa + Ayg® — ArIn (1 - Qu) ,
j3

Radial boundary protection:
B(r) —» 400 as r—1".

9 Active Domain

Active domain:

0<0<Cs, q€[0,q7], hs€lhgs1),
Dy=4q refr,r, pn=1—r>pu.>0, , O<re<r® <l
Da <D*, hy >0, hy>0

Equivalent death-boundary avoidance inside D 4:

0<r<i1 — 0<u<Qp.

Closed upper g-wall:
alg*)? > or*.

Open-Gate upper ¢-wall:

alq*)? > or* + Sy

Lower ¢g-wall in Open-Gate:
gq=0: g =06(r+ hs —1)tanh(ko) + S, >0

provided the active margin makes r + hg — 1 > 0.

10 Radial Corridor

Radial identity from 72 = hyhg + e(h3):

2r = pla(h} + h3) + cq(h1 + ha)] — 2p(r* — e(h3)) — 2aqr® =: R.

Maximum e on the active corridor:

eyt =¢

(1 — h3.)?
A2

C

(46)

(47)

(52)

(53)

(54)

(55)



Non-degeneracy:

Active margin:

Lower radial wall:

Upper radial wall:
(1 — ") [a(d? + 2r*%) + cq*y/d2 + 4r*2] < 2p(r*? — X)),
Direct upper radial inwardness condition:

L [a(h% + h3) + cq(hy + hg)} < 2p(r*? — e) 4 2aqr*? onr=r"

q* _ 5,,«* + Sénax
new ° \l o :

Conservative lower radial wall with ¢,:

Open-Gate radial convention:

a(l = 1) (r2 = ™) > (p+ agpey )7

Epektasis-dominance derivative at the upper radial wall:

OR

94 = pc(hy + hg) — 2ar*2.

r*

Worst-case bound:
OR

dq

< (1 —1r*)ey/d? + 4r2 — 2002,

¥

Epektasis-dominance sufficient condition:

2012 > (1 —r*)ey/d2 + 42 —  —= <0.

11 Lyapunov Dissipative Estimate

Derivative decomposition:

Lyrs = Ay tanh(ko)o + AADA + 24494 + ATB(’I“).

Open-Gate contribution to the ¢? block:

d
%(Aqqz) =244 {(5(7’ + hs — 1) tanh(ko) — an} + 24495,

(60)

(61)

(62)

(63)

(65)

(67)

(68)



Bound on Open-Gate contribution:

0 <2445, < 2Aqq*S;naX.

Dissipative Lyapunov estimate:

Lyrs < C — C1LyFs, C1 >0, C < oo.

Open-Gate constant split:

C= C'closed + ACvg;atev 0< AC'gate < 2Aqq*S;naX'

(69)

(70)

(71)

Key structural point: Here C is unchanged by the Open-Gate source, while C receives only a

bounded gate contribution.

12 Main Theorem Formulae

Positive invariance:
x(0)eDy = x(t)eDy Vt>D0.

Reset admissibility:
xj € Da, Lyrs(z]) < L.

Bound from the Lyapunov inequality:

Lyrs(t) < Ly := max {LR, C} :
1

Radial barrier implication:
A, B(r) < L,.

Explicit radial bound:

~

*

—In(l—-r) <
Death-boundary avoidance:
r(t) <1l = u(t) <Qp(t).

Product-balance positivity:
hi,ho > Mypp > 0.

No artificial g-floor:

q > 0 suffices; no assumption q > ¢o > 0 is required.

— r(t)<1—e /A <1,



13 Non-Zeno Estimate

Hybrid margin:

Bounded vector field:

M, < 0.

Dwell-time lower bound: B
h
At; > Aty = — > 0.
M,
Non-Zeno conclusion:
Y At = +oo.
J
14 Memory and Gate Bounds
Mensura kernel: .
R = >0 0<R <1
()= —r 220, (2
Saturated gate memory:
Hg
€|0,1 VHg > 0.
i+ i Y r=
Gate saturation: 7
-7t -7t K
= 1 € 10,1
geg =€ "+ (1—e )H5+HK [0, 1]

Memory velocity bounds:

|Hg| < n[R((#0)+) + R((d0)-)] < 2n.

Wound-memory velocity bound:
(W[ < 2.

Bounded-gain loop:

max

<1 <57 . R<1
Hg = gt —— Sqg = A= V,F = u — &g — Hg.

Extended field bound: B
M, < oo including [Hgl,|W| < 2n.

15 Asymptotic Cleansing and Alignment

Will-action alignment:

Da(t) < Da(0)e |k (t) = ha(t)] < |71 (0) — ha(0)]e™" — 0.

10

h. = min {mpb,hg,*,r*, 1—r*q" C,, \/D*} > 0.

(91)



Resistance cleansing under persistent active margin:

ult) > Ae+n VE>0 = U (1) <V (0)e " = o(t)—=0.

Open-balance asymptotic Sophia:

)\(t) =00+ )\0 + grecepta (t> - U(t)'

If Grecepta(00) < 00 and o(t) — 0:

A(t) = 09 + Ao + Grecepta (00).

If lim inf; o0 A(t) > 0O:
Qp(t) — 400.

Epektatic dilution of Sy:

/ Mi)dt = too = Qp(t) > too = S,(t) = 0.
0

Proof of the last implication:

16 Numerical Witness Formulae

One admissible parameter point recorded in the Lyapunov file:

a=0366, §=0.610, p=0237, a=2352, c=0.342,
Co=0.507, hs, =0412, r_=0453, ry =0.955,
emax = 0.055, d=0.107, SP =0.298, gnew = 1.551.

Upper ¢-wall witness:
O‘qzew > 57"+ + S(I]nax.

Epektasis-dominance witness:

2017 > (1 —1y)ey/d? + 4r2.

17 Final Proof Chain

Core proof chain:

Admissibility = D4 = Lypg < C — C1Lyps = 7(t) < 1 = NonZeno.

Active transformation conclusion:

w>Aotn = o(t) =0,  hi(t) - ha(t) = 0.

11

(92)

(98)

(99)

(100)

(101)

(102)



The theorem is an active-domain theorem, not global stability on all phase space: The active-
domain assumption is essential:

2(0) € Da. (103)

Closed limit:

(=0 = 8,=0, Ige=0, A=-d, o+XA=o09+\. (104)

Open-Gate theorem summary: Open-Gate adds only bounded S; in ¢; it strengthens walls but
preserves the dissipative core.
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